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We study the critical Sobolev exponent equation. By imposing some conditions
on the shape of the domain we are able to obtain existence and multiplicity of
positive solutions. In particular, multiplicity results for contractible domains are
presented, based on an approach that allows us to generalize previous work by
Ding, who had proved an existence result for a contractible domain.  1996
Academic Press, Inc.
1. Introduction
This paper is devoted to the study of the critical Sobolev exponent equa-
tion
&2u=u(n+2)(n&2) u>0 in 0
(1)
u=0 on 0
where 0 is a bounded regular open set in Rn.
In order to put our results in context, we will present some of the back-
ground associated with (1) (Section 2).
In many of the problems encountered in physics and geometry, internal
symmetries arise naturally from some type of scale or gauge invariance.
From the mathematical point of view, this is reflected by the invariance of
the problem under some group action.
If, besides, we are dealing with a problem that can be cast in variational
form, the presence of symmetries is related to basic properties of the func-
tional in question. The application of the standard techniques of the
calculus of variations (direct methods, Morse theory, minimax principles)
require some type of compactness of the level sets of the functional. The
usual requirement is the PalaisSmale condition (PS), originally intro-
duced in connection with the study of closed geodesics ([P, PS, B]). It
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seemed at the beginning that this ad hoc condition was only of technical
nature. However, based on problems arising both in geometry and physics
it became clear that the (PS) condition holds for a typical energy level and
that its failure at some levels is related to the internal symmetries of the
problem. This failure manifests itself as separation of spheres in geometry
or particle creation and phase transitions in physics.
Mathematically, these phenomena arise when the action of the group
mentioned earlier is non-compact, then we have concentration phenomena,
i.e., formation of singularities or blowing up. By means of the concentration
compactness method ([L1, 2, 3, 4]) it is possible in many cases to deter-
mine the levels at which (PS) fails and therefore to apply standard techni-
ques. This is also true in some cases when the problem is not invariant, but
can be compared with a limit problem for which symmetry holds. That is,
when the symmetry is not manifest but broken. Problem (1) is of this
nature, i.e., it can be formulated in a variational way and it is invariant
under conformal transformations. It is related to the problem of the best
constants in the Sobolev inequalities [T, Au1] and it also appears in the
context of the Yamabe problem when trying to determine a metric with
constant scalar curvature which is conformally equivalent to a given one
[Y, Au2, Sch, LP]. However, problem (1) exhibits very particular features.
In particular, existence of solutions of problem (1) depends on the struc-
ture of 0, unlike what happens in most variational problems. Our results,
roughly speaking, state that if 0 is a domain with k holes that are suf-
ficiently small, then (1) has at least k solutions. We are also able to prove
that if the holes are attached to the boundary by narrow channels, then the
same result is true. We will organize this paper as follows: in Section 2 we
present the variational formulation of the problem and give a series of
results related to (1) as well as some well known facts about it. In Section 3
we state and prove the main estimates and an existence result. In Section 4
we show some special cases of this result. These cases are used in Section 5
to recover Ding's result. Finally, in Section 6 we show the multiplicity
results.
2. Formulation of the Problem
We begin by giving some existence results for problem (1.1).
Theorem 2.1. Suppose that 0 is strictly star-shaped with respect to some
point. Then problem (1.1) admits no solution in H 10(0).
The proof follows immediately from Pohozaev's identity [Po]:
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Lemma 2.2. Let g: R  R be continuous with primitive G(u)=u0 g(v) dv
and let u # C 2(0) & C 1(0 ) be a solution of
&2u
u
=g(u)
=0
in 0
on 0
(1)
in a domain 0//Rn. Then there holds
n&2
2 |0 |{u|
2 dx&n |
0
G(u) dx+
1
2 |0 }
u
v }
2
x } & d_=0,
where & denotes the exterior unit normal.
Theorem 2.1 seemed to indicate that looking for solutions of problem
(1.1) was a rather hopeless problem. It was not until Kazdan and Warner
[KW] pointed out that in case 0 is an annulus a solution always exists
that this viewpoint changed (see also [St1, p. 168]). The natural question
arises, whether this existence result is true for a more general class of
domains. A positive answer was given by Coron in [Co]:
Theorem 2.3. Suppose that 0 satisfies the following conditions:
(i) 0#[x # Rn; R1<|x|<R2].
(ii) 0 #3 [x # Rn; |x|<R1],
for some 0<R1<R2<. Then, if R2 R1 is sufficiently large, problem (1.1)
admits a solution in H 10(0).
Theorem 2.4 states that existence is not a singular phenomenon due to
the symmetries of the annulus, but that it holds for any domain with a suf-
ficiently small hole. By analyzing carefully the variational structure of the
problem, Bahri and Coron [BC] were able to show that the effect of the
topology is actually much stronger (see also [Ba]).
Theorem 2.4. Suppose 0 is a domain in Rn such that
Hd (0, Z2){0
for some d>0. Then (1.1) admits a solution.
Here Hd is the dth homology group of 0 with coefficients in Z2 .
There are several important observations to make at this point. First,
notice that if 0/R3 is not contractible, then either H1(0, Z2) or H2(0, Z2)
is different from zero and the conclusion of Theorem 2.5 holds. So it is
natural to conjecture that regardless of the dimension, if 0/Rn is not con-
tractible then problem (1.1) admits a solution.
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Fig. 1. Perturbed annular domain.
Theorem 2.4 is of a very general nature and one might think that a
topological condition, requiring some type of nontrivial structure, could be
not only sufficient, but also necessary. However, this is not the case, as
Ding showed in [D]. He proved that when 0 is a certain topologically tri-
vial domain, more specifically a contractible one, problem (1.1) still admits
a solution. The domain constructed by Ding is obtained by perturbing an
annulus, removing a ``channel'' which is sufficiently narrow (Fig. 1)
This means that the geometry of the domain plays an essential role in the
existence of solutions. Also in this direction, it was recently shown by Chou
[C] that the nonexistence result (Theorem 2.1) mentioned before holds for
a larger class of domains. More precisely, he constructs a domain 0 which
is not star-shaped, but is still close in some sense to a star-shaped one. By
suitably modifying Pohozaev's identity he shows that in such a domain,
there can be no solution to problem (1.1).
As can be seen from the previous discussion, the basic problem is to
understand the relationship between the geometry of the domain and the
existence of solutions.
We now proceed to formulate the problem in variational form. We
denote by M the set
M={v # H 10(0) } |0 |{v| 2=1=
and by
M+=[v # M | v0].
Consider the functional
I(v)=
1
(0 |v|
2n(n&2))(n&2)2
, v # M.
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Computing the EulerLagrange equation we see that critical points of I in
M+ are, after rescaling, solutions to problem (1.1) and conversely.
Notice that this is the constrained formulation of the problem. We could
have considered the free energy
E(v)=
1
2 |0 |{v|
2 dx&
n&2
2n |0 |u|
2n(n&2) dx,
in which the constraint appears as a Lagrange multiplier. We introduce
S(0)=inf
M+
I.
Remark 2.5. S(0) is independent of 0. This follows immediately from
the fact that I is invariant under scalings. That is, if u # H 10(0) is mapped
to uR (x)=u(xR) then
I0 (u)=IR0 (uR).
Take now S(BR1(x0)), S(BR2(x0)) with
Remark 2.6. A direct computation shows that if we define
ux* (x)=\ **2+|x&x | 2+
(n&2)2
(3)
for any x # Rn and any *>0, then
(n(n&2))(n&2)4 *(2&n)2ux *1 (x*)
is a solution of problem (1.1) with boundary conditions replaced by
lim
|x|  
u(x)=0.
Remark 2.7. S is never attained for any domain 0/Rn, 0{Rn (see
[St1, Theorem 1.2]).
Remark 2.8. We also notice that
|
Rn
|ux* |
2n(n&2) dx and |
Rn
|{ux* |
2 dx (4)
are independent of x # Rn and *>0.
Remark 2.9. We also note that
|
Rn
|{ux* |
2=S \|Rn |ux* | 2n(n&2)+
(n&2)n
, (5)
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in other words, the infimum is achieved when we consider the problem in
Rn (see [St1], pp. 163).
We now present a global compactness result due to Struwe [St2], which
can be viewed as an extension of the concentration-compactness method
and that determines the energy values ; for which the (PS); holds. We
recall what this means:
Definition 2.10 (PS); condition. Let V be a Banach space, E # C 1(V)
and ; # R. E satisfies condition (PS); , if any sequence (um) in V such that
(i) E(um)  ;, and
(ii) DE(um)  0 as m  
is relatively compact.
For brevity we will refer to sequences satisfying (i) and (ii) as
(PS);-sequences.
Notice that for our functional, I, any (PS); sequence is bounded, since
H 1(0) is continuously embedded in L2n(n&2), but is not relatively compact,
because this embedding is not so.
Theorem 2.11. Suppose 0 is a bounded domain in Rn, n3. Let (um) be
a (PS); sequence for E, the free-energy functional associated to problem
(1.1), in M+. Then there exists an index k # N0 , sequences (R jm) # R
+,
q jk, of radii R jm   (m  ) and points x
j
m # 0, a solution u
0 # M+
to problem (1.1) and functions u jm , nontrivial solutions to the limiting problem
associated with problem (1.1)
&2u=u(n+2)(n&2) in Rn
(6)
u0,
such that a subsequence denoted still by (um) satisfies
"um&u0& :
k
j=1
u jm"H 1(Rn)  0.
Here u jm(x)=(R
j
m)
(n&2)2 uj(R jm(x&x
j
m)), 1 jk, m # N. Moreover, E(um) 
E(u0)+kj=1 E(u
j). In particular, if ;=;* :=E(u01), then u0=0 and k=1.
Remark 2.12. In fact Struwe's result is more general, since it applies
not only to positive solutions, but to the general problem
&2u=u |u| 2n(n&2)&2 in 0.
u=0 on 0.
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In our case, by uniqueness of the family (3), ux* , of solutions to (6) the
theorem gives a complete characterization of the energy levels for which the
(PS);-condition holds.
Indeed, from (4) and (5), we can write
;*=E(ux*)=
1
n
S,
and Theorem 2.12 states that (PS); holds for all energy levels that are not
of the form
;=;0+k;*,
where ;0 is the energy of a solution of (1.1).
Remark 2.13. It will be important to observe that if we assume
problem (1.1) has no solution, then the only energy values at which (PS);
fails are given by
k;*, k # N.
In fact, the existence results in the next section are proved by contradiction,
and Remark 2.13 will be used then.
3. Statements and Proofs of Results
We will consider a domain 0 for which
0 & BR (x~ )=BR (x~ )"7,
for some x~ # 0. Here 7 is a subset of Rn such that 7 is an
n&1-dimensional smooth manifold disjoint from BR (x~ ).
Let
V=meas(7)=|7|
d=dist(BR (x~ ), 7).
We then have the following theorem.
Theorem 3.1. There exist numbers &, a>0, depending on Rd and n only
such that if
V
Rn
<&
455CRITICAL SOBOLEV EXPONENT
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and
|T$ (7) & 0|
$2Rn&2
<a,
for some 0<$<d4, where T$ (7) denotes a $-tubular neighbourhood of 7,
then (1.1) has a solution.
Proof. By translation and scale invariance we may assume x~ =0 and
R=1. Choose a C 0 (0, R) function which satisfies
,(x)=1 if |x|1&d4 or dist(x, 7)>$,
0,(x)1
and also
|{,(x)|<C
1
d
if 1&
d
4
|x|1
|{,(x)|<C
1
$
if dist(x, 7)<$.
Notice that in the previous inequalities, C can be chosen independent of $.
Indeed, let / be the characteristic function of T$2 . Set
`(x)=|
0
1
=n
j \x&y= + /(y) dy
=|
0
j(z) /(x&=z) dz,
where j # C 0 (B1) is the usual mollifier: B(0) j=1, and take ==$4. Then
`(x)=0 if dist(x, T$2)>$4, i.e. if x  T3$4 ,
`(x)=1 if x # T$4 .
Furthermore
`xi (x)=
1
= |0
1
=n
ji \x&y= + / dy
=
1
= |0 ji (z) /(y&=z) dz.
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So
|`i (x)|
1
= |0 | ji (z)| dzC==
C
$
.
Finally, take
,=(1&`),
where  is a cutoff function near |x|=R. Using , with the properties
above, we define, for 0<*<1, 0<t1 and |x0|=(r1+r2)2, with
r1=1& 34 d, r2=1&(d2):
w(x, *, x0 , t)=,(x) \ *t(*t)2+|x&(1&t)x0| 2+
(n&2)2
=,(x) u(x, *, x0 , t).
We now present several estimates for w.
By u0(x), we mean u(x, 1, 0, 1)=(1(1+|x| 2))(n&2)2. We then have the
following lemma:
Lemma 3.2. The estimates
|
0
|{w(x, *, x0 , t)| 2  |
Rn
|{u0| 2, (1)
|
0
|w| 2n(n&2)  | |u0| 2n(n&2), (2)
and
|
0
x
|{w| 2
&{w&2
dx  x0 , (3)
as t  0, hold uniformly in * # (0, 1], and |x0|=(r1+r2)2.
Proof. First we observe that if t is sufficiently small, say t<t1 , there is
r>0 so that
,(x)#1 for x # Br ((1&t) x0), with |x0|=
r1+r2
2
.
We compute
|
0
|{w| 2=|
0
|{u| 2 ,2+2 |
0
{u } {,+|
0
u2 |{,| 2
=: I+II+III
457CRITICAL SOBOLEV EXPONENT
F
ile
:5
05
J
30
36
10
.B
y:
B
V
.D
at
e:
14
:0
2:
96
.T
im
e:
08
:3
8
L
O
P
8M
.V
8.
0.
P
ag
e
01
:0
1
C
od
es
:
19
27
Si
gn
s:
64
6
.L
en
gt
h:
45
pi
c
0
pt
s,
19
0
m
m
Then, by our first observation, for t<t1 ,
I=|
Br((1&t)x0)
|{u| 2+|
0"Br ((1&t)x0)
|{u0| 2 ,2
=: I1+I2 .
But
I1=|
Br((1&t)x0)
|{u| 2=|
Br*t(0) }{ \
1
1+|x| 2+}
2
 |
Rn
|{u0| 2
as t  0 uniformly in * # (0, 1]. For I2 , we have |I2|Rn"Br((1&t)x0) |{u|
2
 0 as t  0 uniformly in * # (0, 1].
Since
{u0(x)  0
and
u0(x)  0
as t  0 for |x|>r, uniformly in * # (0, 1], we have II, III  0, as t  0.
The calculations for (2) are very similar:
|
0
|w| 2n(n&2)=|
Br((1&t)x0)
|u| 2n(n&2) ,2n(n&2)
+|
0"Br((1&t)x0)
|u| 2n(n&2) ,2n(n&2)
= I+II.
As before
I=|
Br*t(0)
u2n(n&2)0  |
Rn
u2n(n&2)0
and II  0 as t  0.
In order to complete the proof of the lemma, we have to estimate
|
0
x
|{w| 2
&{w&2
dx&x0
=
1
&{w&2 |0 (x&x0) |{w|
2
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=
1
&{w&2 \|0 (x&x0) ,2 |{u| 2
+2 |
0
(x&x0) u2 |{u| } |{,|+|
0
(x&x0) u2 |{,| 2+
=:
1
&{w&2
(I+II+III).
For I we have
I=
1
&{w&2 \|Br((1&t)x0) (x&x0\tx0) |{u| 2+|0"Br((1&t)x0) (x&x0) |{u| 2+ .
Notice that
|
Br((1&t) x0)
(x&(1&t)x0) |{u| 2=0,
since u(x, *, x0 , t) is radially symmetric with respect to x0 . The remaining
terms in I as well as II and III are estimated as before. K
Remark 3.3. Using Lemma 3.2 we can see that for any given =>0 we
may choose 0<t0(=)<t1 (same as in the proof of Lemma 3.2) such that,
|I(v(x, *, x0 , t)&S|<=
and
} |0 x |{v(x, *, x0 , t)| 2&x0|<=,
\t<t0 , * # (0, 1], |x0|=(r1+r2)2 where
v=
w
(0 |{w| 2)12
=
w
&w&
.
Lemma 3.4. Let h>0 be given. Then \=>0, _*0 # (0, 1] depending on
t0=t0(=) (as in Remark 3.3) and d, and also, there are positive numbers &, a
depending on t0 , d, $ and h, such that \t # [t0 , 1], \ |x0|=(r1+r2)2 and
*=*0
I(v(x, *0 , x0 , t))<S+h, (4)
if V<& and |T$ (7) & 0| $2<a.
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Proof. First we estimate
|
0
|{w| 2=|
0
|{u| 2 ,2+2 |
0
{u } {,+| u2 |{,| 2
=: I+II+III.
For I we obviously have
I<|
Rn
|{u| 2.
For II and III we have two disjoint regions for which {, is not identically
zero:
(a) 1&(d4)<|x|<1, and
(b) T$ .
Consider II and III in region (a). There
|II|<
c
d
vol \1&d4<|x|<1+ (max |{u(x, *, x0 , t)| ) (5)
where the max is taken in t # [t0 , 1], |x0|=(r1+r2)2 and 1&(d4)
|x|1. But the above expression goes to zero if *  0. Similarly, for III in
(a), we have
|III|
C
d 2
vol \1&d4<|x|<1+ max u2 (6)
where the maximum is taken in the same region, and again, the right-hand
term of (6) goes to zero if *  0. Fix *0 # (0, 1] s.t. II, III in (a) are less
than =>0 (notice that indeed *0 depends on = and d only), and also such
that
} ||x|<r (u(x, *0 , 0, 1))2n(n&2)&|Rn (u(x, *0 , 0, 1))2n(n&2) }<=.
Consider II and III in (b). There we have
|II|C
vol(T$ & 0)
$
max |{u|
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and
|III|
C
$2
vol(T$ & 0) max u2,
where the maxima are taken in
t # [t0 , 1], |x0|=
r1+r2
2
, x # T $ .
We choose a>0 such that
|II|, |III|<= in (b) if
vol(T$ & 0)
$2
<a.
Finally, for t # [t0 , 1], |x0|=(r1+r2)2, *0=*(=, d) and r as in the proof
of Lemma 3.2
|
0
|w| 2n(n&2)|
Br(x0)"(T$ & 0) \
t0 *0
(t0 *0)2+|x&x0| 2+
n
.
Now the function
\ t0 *0(t0 *0)2+|x| 2+
is radially symmetric and decreasing in |x| . Therefore, if s is such that
Vol(Bs (0))=Vol(T$ & 0)+|7| ,
|
0
|w| 2n(n&2)|
s<|x|<r \
t*0
(t*0)2+|x| 2+
n
dx
=|
s(t*0)|x|r(t*0)
(1+|x| 2)&n dx
|
s(t0 *0)|x|r*0
(1+|x| 2)&n.
If s is small enough, i.e., if V and vol(T$ & 0) are small enough-recall
inequality (4), then
|
0
|w| 2n(n&2)|
Rn
u2n(n&2)&2=.
461CRITICAL SOBOLEV EXPONENT
F
ile
:5
05
J
30
36
14
.B
y:
B
V
.D
at
e:
14
:0
2:
96
.T
im
e:
08
:3
8
L
O
P
8M
.V
8.
0.
P
ag
e
01
:0
1
C
od
es
:
18
90
Si
gn
s:
71
0
.L
en
gt
h:
45
pi
c
0
pt
s,
19
0
m
m
Thus
I(v)
(Rn |{u0|
2+2=)n2
(Rn u
2n(n&2)
0 &=)
(n&2)2<S+h
if = is small enough. K
Completion of the Proof of Theorem 3.1
The barycentric map is given by
B: H 1(Rn)  Rn
B(u)=
1
0 |{u|
2 |
0
x |{u| 2 dx, for u # H 1.
As an immediate consequence of Struwe's compactness result, we have
the following lemma.
Lemma 3.5. Let V be a neighbourhood of 0 . Then there is an h1>0 such
that
B(I S+h1)/V, (7)
where I S+h=[u # M+ | I(u)<S+h].
Proof. Proceeding by contradiction assume that for hn  0, there is
un # M+ such that
B(un)=yn  V. (8)
By Theorem 2.12, after a suitable rescaling and putting
un(x)=\ *n*2n+|x&xn| 2+
(n&2)2
,
we obtain
&un&un&H1, 2(Rn)="un (x)&\ *n*2n+|x&xn| 2+
(n&2)2
"H1(Rn)  0
we obtain
&un&un&H1, 2(Rn)="un (x)&\ *n*2n+|x&xn| 2+
(n&2)2
"H1(Rn)  0
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with xn # 0 , *n  0, and this implies that for xn=B(un)
dist(B(un), 0)  0,
contradicting (8). K
Using this we obtain the following key lemma:
Lemma 3.6. Given h>0, _=>0 such that if [v(x, *0 , x0 , t0)] is the
family where |x0|=(r1+r2)2, *0 is given in Lemma 3.4 and t0 is chosen
according to Lemma 3.2 so that Remark 3.3 holds, then the family
[v(x, *0 , x0 , t0), |x0|=(r1+r2)2] is not contractible in I S+=.
Proof. Let V be a neighbourhood of 0 such that the sphere |x0|=
(r1+r2)2 is not contractible in 0 , and take =<h1 as given by Lemma 3.5.
By restricting = further, we may take t0 small enough so that, according
to estimate (3) in Remark 3.3, the map
x0  B(v(x, *0 , x0 , t0))
is deformable into the identity on the sphere |x0|=r1+r22. This implies
the conclusion of the lemma, since if v(x, *0 , x0 , t0) were contractible in
IS+=, say by means of a deformation 't (u)='(u, t):
': Is+=_[0, 1]  Is+=,
then B(('t) would provide a deformation of B(v(x, *0 , x0 , t0), |x0|=
(r1+r2)2 to a point, contradicting the previous observation. K
Finally, by Lemma 3.4, if h<S,
I(v(x, *0 , x0 , t))<2S, for t # [t0 , 1], \ |x0|=
r1+r2
2
.
In particular, for t=1, the family reduces to
v(x)=constant , \ *+0*20+|x| 2+
(n&2)2
,
i.e., by letting t go from t0 to 1, one gets a deformation of [v] to a point.
By Remark 2.14, I satisfies the (PS);-condition in (S, 2S), and has there-
fore the deformation property (see Appendix B for a precise statement).
This implies that Ia=[u # H 10 | I(u)a] is a deformation retract of I
b, for
s<ab<2S. But this is impossible, since we have proved [v(x, *0 , x0 , t0),
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|x0|=(r1+r2)2] is not contractible in IS+=, but contractible in Ib, for
some b<2S.
The contradiction shows the original assumption that problem (1.1) has
no solution is false. K
4. Special Cases
The next two examples show that the conditions of Theorem 3.1 are
actually satisfied by some domains. First we consider the case 7=Br(x0).
For simplicity we already take R=1 (Fig. 2).
Then
V=c(n)rn
and
|T$ (7) & 0|
$2
=
(r+$)n&rn
$2
.
If we put r=+$, for some + fixed, we have
V=c(n) +n$n
and
|T$ (7) & 0|
$2
=$n&2((++1)&+n).
Both quantities tend to zero with $, so we may choose it in such a way that
the conditions of Theorem 3.1 are satisfied.
As a second example, we consider a smooth arc #/B1(0). Denote by L
the length of this curve and take 7=Tr (#) (Fig. 3).
Fig. 2. 7=Br (x0).
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Fig. 3. 7=Tr (#).
Then
VcLrn&1,
where c is independent of r and
|T$ (7) & 0|
$2
cL
(r+$)n&1&rn&1
$2
,
again with c a generic constant independent of r and $. By making the
same substitution r=+$, we find
VcL+n&1$n&1
and
|T$ (7) & 0|
$2
cL$n&3((++1)n&1&+n&1).
If n4 we can choose $ small as in the previous example. If n=3, then V
still goes to zero with $, but not the second quantity. We can choose
however a suitably small L such that the second condition of Theorem 3.1
is satisfied.
5. Ding's Result
Using the last two examples and some of our previous estimates, we will
show how Ding's result can be deduced, for n4. Keeping the same nota-
tion as in [D], let x=(x1 , x$) # Rn. Define
A:=[x # Rn | 0<:<|x|1],
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and
C;=[x # Rn | 0x11, |x$|;].
Then the domain A:"C; is contractible. It is, however, not smooth, so
we have to smooth out the corners. For simplicity, we don't mention this
explicitely. The result due to Ding we mentioned before is the following:
Theorem 5.1. Assume n4. There exists :0 # (0, 1) such that for
: # (0, :0), there is ;(:)>0 such that if : # (0, :0) and ;1 # (0, ;(:)), then
problem (1.1) has a solution for 0=A:"C;1 .
Proof. Consider 0$=B1(0)"Br (0)=B1"7, i.e. example 2 from last sec-
tion. According to Lemma 3.4, give h>0, there is 0<*0 , t0 and also v,
a>0 such that
I0$(v(x, *0 , x0 , t0))<S+h,
if
V<& and
|T$ (7) & 0|
$2
<a.
If in Example 2 we fix +=2, we then take
$0=sup
$>0 {V<& and
|T$ (7) & 0|
$2
<a= ,
and define :0=2$0 . For :<:0 we consider A:"C;1 , ;1>0 to be chosen.
Take a neighbourhood U of A: which is not contractible, e.g. U=[:2<
|x|< 32]. Now we claim that we can apply essentially the same argument as
in the proof of Theorem 3.1. There are however some differences that we
proceed to explain. The construction of ,, the cutoff function, has to be
slightly changed, since now we want to remove a set that intersects B1(0).
However, we can take |{,| such that
|{,|
C
d
1&
d
4
|x|1 and dist(x, C;1)>2$
|{|C
1
$
dist(x, A: _ C;1) and |x|<r0 ,
where 0=(r1+r2)2 (compare to the previous cutoff function). If 0<:<:0
is given, then there is a ;$ such that
I0 (v~ (x, *0 . x0 , t))<2S,
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\ |x0|=r0 and t # [t0 , 1], where v~ is ,u(x, *0 , x0 , t), with the new cutoff.
This estimate is proved in the same way as the corresponding one in
Lemma 3.4. Finally, there is a ;">0 such that, for h>0 given
I0 (v~ (x, *0 , x0 , t0))<S+h,
|B(v(x, *0 , x0 , t0))&x0|<h,
\ |x0|=r0 and ;1<;". Take ;=min(;$, ;"). Now the family [v], |x0|=r0
is not contractible in I S+h, but contractible in I S+b, b<S and existence
follows as in Theorem 1.1.
Remark 5.2. Notice that in this case, the existence of a solution
depends on the nontrivial topology of a neighbourhood of 0, not on the
topology of 0 itself.
Remark 5.3. Observe that for n=3, we no longer have the same
estimates (see example 2 in the last section). In fact, the result obtained in
[D] for n=3 is weaker and further estimates are needed even for this
weaker result (see however [Pa2]).
Remark 5.4. It is also pointed out in [D], that domains similar to
A:"C; can be considered. More precisely, Ding mentions removing any set
diffeomorphic to C; and contained in it, instead of C; itself. Since our
estimates only depend on the measure of the removed set and the volume
of a certain tubular neighbourhood of it, we see that in fact we can con-
sider any set diffeomorphic to A: and any set diffeomorphic to C; , as long
as the appropriate volume constraints are imposed, and also by smoothing
out the corners (e.g., Fig. 4).
We mention that a similar result is given in [Pa1], where the condition
is given in terms of the capacity of the removed set.
Fig. 4. Contractible domain.
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6. Multiplicity Results
The relationship between the topology of 0 and the multiplicity of solu-
tions of problem (1.1) or similar problems has been also investigated (see
for example [BeCe1, 2; BCP; Ca; CP; Da1, 2; La; Pa1, 2; Re]). A typical
problem is
&2u+*u=up&1 in 0
u>0 in 0
u=0 on 0,
where 0/Rn, n3 is a smooth bounded domain and 2<p<2n(n&2),
* # R+ _ [0]. In some of the results obtained in the references mentioned
above, the number of solutions is estimated in terms of the cat(0), the
LjusternikSchnirelman category of 0. Here is a representative result,
proved in [BeCe]:
Theorem 6.1. There exists a function
* : \2, 2nn&2+ R+ _ [0],
such that for every ** (p), the previous problem has at least cat(0) distinct
solutions.
As Benci and Cerami point out in the same paper, these results might be
summarized as follows: if 0 has a rich topology, then there are many solu-
tions to the problem, whenever the influence of the nonlinear term is
strong. The assumptions in the results presented below, are rather on the
shape of the domain. They are natural extensions of Theorem 3.1 and the
result mentioned in Remark 5.4 and can be compared to the ones in
[Pa1, 2] except that there, the conditions are imposed on the capacity of
the removed sets and also with [Re].
In what follows we assume that there exist k disjoint balls contained
in 0:
BRi (xi), xi # 0,
and corresponding subsets 7i , with 7 i/0, k=1 } } } k, and 7 an n&1
dimensional manifold. As before, denote
Vi=|7i | ,
didist(BRi (xi), 7i).
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Set
Ai, $=T i$ (7).
Theorem 6.2. Given any k # N, there are positive numbers a1>a2>
} } } >ak , v1>v2> } } } >vk depending on Ri , di , i=1, ..., k such that if
Vi<vi
and
Ai, $<ai ,
for 0<$i<di 4, then problem (1.1) has at least k solutions.
Proof. Repeating the argument of Theorem 3.1 with BR1(x1), and 71 ,
we get a solution, u1 of V1<v1 and A1, $1<a1 . Notice that in the proof of
Theorem 3.1, we obtain an =1 such that
S+=1I(u1)<2S.
Assume this is the only solution. Then, again by Struwe's compactness
result, we obtain that the (PS); condition is satisfied in (S, S+=1). Using
Lemmas 3.2 and 3.4, we find a2 , v2 such that if V2<v2 and A2, $2<a2 , a
family of functions [v] is not contractible in S+=2 , but contractible in
S+h1<S+=1 , which shows the existence of a second solution. Continuing
this way we get k different solutions. K
Remark 6.3. Notice that the same construction holds when we consider
disjoint sets of the form given in Remark 5.4.
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